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In several practical applications hot-ﬁnished steel pipe that exhibits Lüders bands is bent to strains of 2–
3%. Lüders banding is a material instability that leads to inhomogeneous plastic deformation in the range
of 1–4%. This work investigates the inﬂuence of Lüders banding on the inelastic response and stability of
tubes under rotation controlled pure bending. Part I presents the results of an experimental study involv-
ing tubes of several diameter-to-thickness ratios in the range of 33.2–14.7 and Lüders strains of 1.8–2.7%.
In all cases the initial elastic regime terminates at a local moment maximum and the local nucleation of
narrow angled Lüders bands of higher strain on the tension and compression sides of the tube. As the
rotation continues the bands multiply and spread axially causing the affected zone to bend to a higher
curvature while the rest of the tube is still at the curvature corresponding to the initial moment maxi-
mum. With further rotation of the ends the higher curvature zone(s) gradually spreads while the moment
remains essentially unchanged. For relatively low D/t tubes and/or short Lüders strains, the whole tube
eventually is deformed to the higher curvature entering the usual hardening regime. Subsequently it con-
tinues to deform uniformly until the usual limit moment instability is reached. For high D/t tubes and/or
materials with longer Lüders strains, the propagation of the larger curvature is interrupted by collapse
when a critical length is Lüders deformed leaving behind part of the structure essentially undeformed.
The higher the D/t and/or the longer the Lüders strain is, the shorter the critical length. Part II presents
a numerical modeling framework for simulating this behavior.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Seamless steel pipe used in offshore operations and more
generally seamless tubes used in aerospace, automotive, power
generation and other industries, often must be cold bent to strains
of 2–3%. It is well known that plastic bending of circular tubes is
limited by structural instabilities that are governed by the tube
D/t and the stress-strain response of the material. Brieﬂy, bending
ovalizes the tube cross section (Brazier, 1927) gradually reducing
its bending rigidity and leads to a limit load instability that is fol-
lowed by localized deformation and local collapse. Wrinkling on
the compressed side is a second type of instability, which for high-
er D/t tubes leads to collapse by local kinking (e.g., see Ju and
Kyriakides (1991, 1992), Kyriakides and Ju (1992), Corona et al.
(2006), Kyriakides and Corona (2007)).
Plastic bending of tubes is further complicated when the steel
exhibits Lüders banding, a material instability associated with
unpinning of dislocations from nitrogen and carbon atmospheres
(see Cottrell and Bilby (1949), Johnston and Gilman (1959), Hall
(1970)). Lüders banding takes place during the initial part of thell rights reserved.
s).plastic regime of the material and results in macroscopic localized
deformation. For example, in a uniaxial test on a strip it manifests
as inclined bands of plasticized material that propagate from one
end of the strip to the other while the stress remains nearly
constant (e.g., Hall (1970), Kyriakides and Miller (2000)). Material
behind such fronts is deformed to strains of 1–3% while ahead of
them it is still elastic. When the whole specimen is consumed by
Lüders deformation, the response starts to harden and the defor-
mation becomes homogeneous once more. This two-part series
of papers examines how this material instability affects the re-
sponse and stability of tubes in bending. Of particular interest is
the complex interaction of Lüders bands with the prevalent nonlin-
earities of ovalization and wrinkling.
Kyriakides et al. (2008) showed that for a relatively thick tube
(D/t = 18.7) under pure bending the interaction with Lüders strain
of about 1.8% resulted in an extended moment plateau. As the
plateau was being traced two curvature regimes co-existed, one
approximately corresponding to the strain at the end of the stress
plateau and the second to that at the beginning of the plateau.
Under rotation-controlled bending, the larger curvature regime
gradually propagated until the whole length of the tube was con-
sumed. Subsequently, the moment increased monotonically and
the structure resumed homogeneous bending deformation. In an
earlier study Aguirre et al. (2004) investigated the interaction of
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moment plateau was traced during which pockets of inclined
Lüders bands were found to emanate from peaks of wrinkles. Here
we present a continuation of these studies by examining in detail
the effect of the tube D/t and of the extent of the Lüders strain
on the observed behavior and the extent to which the tubes can
be safely bent. The problems are studied using a combination of
experiment and analyses. Part I presents representative results
from an extensive study that involved tubes of several D/t values
in the range of 33.2–14.7 and Lüders strains of 1.8–2.7%. The tubes
are tested to failure under rotation controlled pure bending. Part II
presents numerical simulations of these experiments followed by
an extensive parametric study of the problem.2. Experimental facilities and procedures
The experiments were conducted on carbon steel (CS) 1020
tubes with nominal diameters (D) of 1.25 and 1.375 in (32 and
35 mm) and D/t values in the range of 14.7–33.2. The tubes used
are cold formed, and consequently in the as-received state have a
monotonic stress–strain response (continuous hardening). They
were thus heat-treated in a vacuum furnace in order for LüdersFig. 1. Stress-elongation response of a carbon steel exhibiting Lüders deformation
of 2.58% followed by hardening.
Fig. 2. Schematics showing the pure bending testing facility used in the experiments. (a)
rotation control.bands to reappear (700 C vacuum temper for 40 min followed
by quenching). Following the heat treatment they developed
Lüders strains in the range of about 1.8–2.7% and yield (plateau)
stresses in the range of 32–52 ksi (220–358 MPa, e.g., see Fig. 1).
The heat-treated tubes were bent to collapse in the custom
four-point bending facility shown in Fig. 2a (see Corona and
Kyriakides (1988), Kyriakides and Corona (2007)). The bending ma-
chine consists of two free-turning sprockets mounted on two stiff
support beams. Heavy chains run around the sprockets and are
connected to two actuators and in-line load cells to form a closed
loop. Solid steel extension rods are closely ﬁtted into each end of
the tube and the assembly is mounted onto the bending machine.
The solid rods engage smooth rollers housed in each sprocket
assembly as shown in the ﬁgure. The machine is activated by
simultaneously contracting one of the cylinders and extending
the other, in the process rotating the sprockets and the solid rods.
The roller arrangement allows an essentially four-point bending
loading of the tube and the required inward translation of the rods.
The bending machine is operated by a closed-loop, servo-con-
trolled system, shown schematically in Fig. 2b, that can be run un-
der either moment or rotation control (Corona and Kyriakides,
1991). The present experiments were run under rotation control
at a rate that corresponds to a maximum bending strain rate of
104 s1 (for uniform deformation, this strain rate corresponds to
that of the tensile tests).
The applied moment (M) is monitored by the in-line load cells
shown in Fig. 2a, and rotary transducers (RVDTs) record the rota-
tion of the sprockets (ha,a = 1,2). While the deformation of the
tube is uniform, its curvature (j) is proportional to the sum of
the angles of rotation of the two sprockets. The transducer signals
{M,h1,h2} are monitored through a computer-operated data acqui-
sition system. The global deformation of the deforming tube was
also monitored and recorded using a high-resolution digital video
camera running at 2 frames/s.
In their numerical simulations of Lüders deformation in tubes
under bending, Aguirre et al. (2004) and Hallai and Kyriakides
(2010) reported systematic initiation and propagation of angled,
localized deformation bands on the tensile and compressive sidesBending machine and (b) closed-loop controller of the bending machine operating in
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band clusters in bending experiments in which a brittle coating ap-
plied to the tube helped visualize them. A similar brittle coating,
Stresscoat SK-80 F, is used in the present study to make similar
observations of the initiation and evolution of Lüders bands in sev-
eral tube bending experiments. A thin layer of brittle coating
(0.004 in—100 lm) sprayed on the tubes before the test is cured
at about 120 F (49 C) for 24 h (see Stresscoat website). When
cured, the coating is a brittle ceramic that shatters when strained
sufﬁciently either in tension or compression ( ± 1% strain) thus
mapping localization bands on the surface of the tube.Fig. 3. Stress-elongation responses with different Lüders strains.3. Experimental results
Several bending experiments were conducted for each of ﬁve
tube D/t values in the range of 14.7–33.2. Several 36 in (0.9 m) long
specimens of each D/t were cut from 20 ft long (6 m) mother tubes
and sent for heat-treatment. A section about 8 in (200 mm) long
was removed from each heat-treated tube from which narrow ax-
ial strips were extracted. Such strips were tested in tension record-
ing the stress-strain response of the material up to failure. The
remainder of each tube was used in the bending experiment
usually resulting in a 15D long test section (note that part of the
specimen length engages the solid rod inserts).
More than 30 bending tests were conducted for this study. Here,
for brevity, results from eight representative tests, at least one
from each D/t considered, will be discussed. The main geometric
and material parameters of the eight specimens are listed in
Table 1. Several diameter measurements were taken at 4.0 in
(100 mm) intervals along the length of the tube and the average
value of the measurements is listed under D in Table 1, while Do
represents the initial ovality. The wall thickness was measured at
the two ends, and t in Table 1 represents the average value for each
tube. It is noteworthy that because of the manufacturing process
used for this class of tubes, the wall thickness was consistently
very uniform around the circumference.
Two representative stress-strain responses from two specimens
with D/t  24.3 whose results will be discussed in detail below, ap-
pear in Fig. 3. They have the same elastic modulus (E), plateau
stress (rL) (approximately) and hardening behavior but have dif-
ferent Lüders strains (extent of plateau  DeL). These material vari-
ables are listed in Table 1 for all specimens that will be discussed.3.1. Detailed results from representative experiments
The main features of the bending experiments will be discussed
by comparing results from two experiments on tubes of the same
D/t  24.3: LU9-1 and LU3-3. Their stress-strain responses, shown
in Fig. 3, are similar in all respects except that the former has
DeL = 1.89% while the latter DeL = 2.55% (see Table 1). Fig. 4 shows
the measured moment vs. the average of the two rotations re-
corded by the RVDTs, hL, for LU9-1. (We note that, when the tube
deformation is uniform the curvature of the tube is given byTable 1
Major geometric and material parameters for a representative sample of tubes tested.
Exp. No. D in (mm) t in (mm) D/t Do %
LU11-1 1.255 (31.88) 0.0378 (0.961) 33.19 0.04
LU12-1 1.378 (35.01) 0.0516 (1.310) 26.72 0.05
LU3-3 1.253 (31.83) 0.0517 (1.312) 24.26 0.02
LU9-1 1.254 (31.85) 0.0516 (1.311) 24.31 0.05
LU10-2 1.254 (31.84) 0.0509 (1.293) 24.62 0.06
LU5-3 1.252 (31.81) 0.0674 (1.711) 18.59 0.02
LU4-3 1.252 (31.80) 0.0666 (1.692) 18.80 0.02
LU7-3 1.252 (31.80) 0.0853 (2.166) 14.68 0.02j ¼ hL=L.) The moment is normalized by the fully plastic moment
Moð¼ rLD2ot,Do = D  t) and the average rotation by Lt=D2oð Lj1Þ.
Fig. 5 shows a set of nine full-span images of the tube that
correspond to the locations marked on the response with
numbered solid bullets.
The overall behavior is very similar to that described in
Kyriakides et al. (2008) for a thicker tube, but for completeness,
and in order to contrast it with the results from LU3-3 that has
the same basic geometry, we will analyze it in some detail. The
moment-rotation response exhibits an initial stiff and linear
behavior corresponding to the linearly elastic regime of the mate-
rial. The tube bends uniformly, as conﬁrmed by conﬁgurationr in
Fig. 5, with the elastic bending rigidity of the tube (EI). The
moment attains a local maximum of M = 1.04Mo and then drops
sharply down to a value that is close to Mo, where it starts to trace
a somewhat ragged moment plateau. The moment plateau and its
level are equivalent to the Lüders stress plateau in the uniaxial ten-
sion test. Indeed, as is often observed during the initiation of
Lüders banding in a uniaxial test, some nonlinearity in the mo-
ment-rotation response is seen to occur just prior to the moment
maximum, indicating that a limited amount of Lüders banding
has already initiated. Most probably this takes place adjacent to
the ends of the solid rod inserts where some stress concentrations
are unavoidably present. The moment drop is a deﬁnite sign that
an instability has initiated. As we will see in the next section,
Lüders deformation nucleates in the form of bands that are in-
clined to the axis of the tube on the top and bottom surfaces (see
also Aguirre et al. (2004)). The more macroscopic effect of the
nucleation of the bands is the localization of curvature initially in
a zone approximately 2D long; in other words, a zone that is bent
to a higher curvature than the rest of the structure. In the present
experiment, this ﬁrst occurred at the two ends of the tube close to
the interface with the solid rod inserts (penetrate 3.2D into the
tube) as illustrated by conﬁguration s. As hL increases, zones of
higher curvature spread inwards, ﬁrst from the RHS (see t) but
subsequently from the LHS also (seeu andv). So in conﬁguration
u the two zones of higher curvature become apparent with the2L/D rL ksi (MPa) DeL% jL=j1 ebL% hCO=Lj1
14.9 51.98 (358.5) 2.16 – – 0.78
15.0 38.47 (265.3) 2.21 – – 1.16
15.1 37.28 (257.1) 2.55 – – 1.56
14.9 36.91 (254.5) 1.89 1.851 4.14 –
17.5 40.19 (277.2) 1.90 1.880 4.15 –
14.9 42.91 (295.9) 2.71 – – 1.65
15.0 31.85 (219.6) 1.78 1.992 5.91 –
12.9 44.15 (304.5) 2.43 1.798 7.05 –
Fig. 5. Sequence of specimen bent conﬁgurations for Exp. LU9-1 (numbers
correspond to bullets marked on response in Fig. 4).
Fig. 4. Moment vs. end-rotation response recorded in Exp. LU9-1.
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(approximately Mo/EI). In conﬁgurationv the two zones of higher
curvature have propagated towards the center. The gradual
spreading of the two higher curvature zones continues in conﬁgu-
ration w. Their growth is not necessarily continuous but instead
one side propagates some distance and stops, then the other side
propagates and so on. This starting, stopping and restarting ofpropagation is responsible for most of the jaggedness of the mo-
ment plateau as each restart involves re-initiation of the Lüders
banding. By conﬁguration x, the higher curvature has spread to
essentially the whole tube. The end of the stress plateau is charac-
terized by a small dip in the moment, which is associated with the
meeting of the two propagating fronts of Lüders deformation. Such
‘‘load’’ troughs are commonly observed at the termination of
‘‘load’’ plateaus in other systems that experience propagating
instabilities (e.g., see Shaw and Kyriakides (1997) and Kyriakides
and Miller (2000) for tension tests on NiTi and steel strips
respectively).
It is interesting to note that the curvature at the termination of
the plateau approximately corresponds to the curvature of the
localization induced by Lüders banding. The end of the plateau oc-
curred at a curvature of j = 1.44j1. This corresponds to a maxi-
mum bending strain of 3.22% in the outermost ﬁbers of the tube.
By contrast, the end of the Lüders stress plateau in the uniaxial ten-
sion test occurred at a strain of 1.89%. This difference indicates that
for bending localization triggered by the Lüders deformation to
take place, more than just the ﬁbers further from the neutral axis
of the tube must be involved.
Subsequent to the last moment dip, the moment increases
monotonically and the curvature of the tube grows uniformly as
seen in conﬁgurationy, signs that a signiﬁcant part of the material
has now entered the stable, monotonically increasing part of the
stress-strain response. Throughout this bending history the tube
cross section has been ovalizing locally during the moment plateau
and subsequently uniformly (see results for LU10-2 that follow).
Thus, at some point during the uniform bending phase further in-
crease in the moment becomes impossible, and a limit moment is
reached at a value of M = 1.090Mo and a curvature of j = 1.85j1
(marked in Fig. 4 with a caret ‘‘^ ’’). Beyond this point, localized dif-
fuse ovalization develops about four diameters from the RHS end
of the tube (see conﬁguration z). In other words, the structure is
collapsing and the test is terminated. The tube behavior during this
part of the response is similar in most respects to that seen during
the bending of tubes with a stable, monotonically increasing mate-
rial response (see Kyriakides and Ju (1992)), Ch. 8 in Kyriakides and
Corona (2007)).
In the way of highlighting the inhomogeneous deformation that
develops during the moment plateau, several of the video images
were used to quantify its extent. To this end, deformed tube images
like the ones in Fig. 5 (1600  1200 pixels) are ﬁrst converted into
grayscale and then using an edge detection MATLAB routine the
edges are located from the intensity of the pixels. The detected
edges are then smoothened producing results like those in Fig. 6a
and Fig. 7a that correspond to conﬁgurations v and x in Fig. 5.
The slope h(s) of each edge is then calculated and once again
smoothened. Fig. 6b and Fig. 7b show the mean of the two h(s) loci
calculated from each conﬁguration as a function of the natural
coordinate s. Since the local curvature of the tube is j = dh/ds, a
linear h(s) trajectory represents a uniformly bent tube, as indeed
is the case for conﬁguration x in Fig. 7b. By contrast, h(s) in
Fig. 6b is essentially trilinear with a central section with a low
slope and two outer sections with a higher common slope. In this
conﬁguration, the relatively undeformed portion covers approxi-
mately one-third of the tube test section. It is important to note
that the smaller slope corresponds to a curvature of j = 0.10j1, a
value that is close to that of the ﬁrst moment maximum. By con-
trast, the larger slope corresponds to j = 1.36j1, a value that is
approximately equal to the to the curvature at the end of the mo-
ment plateau. By conﬁgurationx, essentially all of the test section
has been deformed to this value reﬂected in the nearly linear h(s)
trajectory in Fig. 7b. Clearly this scheme, although laborious, can
be used to quantitatively monitor the evolution of inhomogeneous
bending in such experiments.
ab
Fig. 6. Conﬁguration v in Fig. 5. (a) Specimen edges and (b) corresponding h(s).
a
b
Fig. 7. Conﬁguration x in Fig. 5. (a) Specimen edges and (b) corresponding h(s).
Fig. 8. Moment vs. end-rotation response recorded in Exp. LU3-3.
Fig. 9. Sequence of specimen bent conﬁgurations for Exp. LU3-3 (numbers
correspond to bullets marked on response in Fig. 8).
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material characteristics are essentially the same except that the
material exhibits a longer Lüders plateau of DeL = 2.55%. The mea-
sured moment-end rotation response is shown in Fig. 8 and a set
of full-span deformed conﬁgurations corresponding to it in Fig. 9.
Initially, the response and deformation are similar to those in Figs. 4
and 5: the tube bends uniformly in the elastic range (conﬁguration
r); a local maximum of M = 1.09Mo is attained, followed by a rag-
ged plateau at a level of nearlyMo. Lüders banding nucleates essen-
tially simultaneously at the two sites adjacent to the solid rod
inserts; this leads to localization of curvature at these sites that
can be seen in conﬁgurations. As the end-rotation continues to in-
crease, the two higher curvature zones propagate inwards, as evi-
denced in images t to w. By conﬁguration x, the growth of thehigher curvature zones appears to start to give way to an increase
of the ovalization at the RHS site. This local reduction in bending
rigidity causes an initially gradual drop in the moment, which after
conﬁgurationy becomesmore precipitous. The tube now clearly is
collapsing at this site by diffuse ovalization that extends over a sec-
tion approximately 5D long. This has occurred even though more
than half of the tube remains in the lower curvature regime. Further
rotation causes the localization to sharpen into a local kink. To avoid
further damage the test was terminated, the structure was
unloaded, and the specimen removed from the bending machine.
The onset of collapse designated in Table 1 as hCO=Lj1 is at 1.56.
Fig. 10a shows conﬁguration w with its edges marked and
Fig. 10b shows the calculated slope h(s). The trilinear nature of
h(s) is a quantitative veriﬁcation of the coexistence of two
ab
2.55%
24.26
Fig. 10. Conﬁguration w in Fig. 9. (a) Specimen edges and (b) corresponding h(s).
Fig. 11. Tube from Exp. LU3-3 showing localized ovalization on the LHS, high
curvature on the RHS and nearly undeformed section in the center.
b
a
Fig. 12. Bending results from Exp. LU10-2: (a) Moment– end-rotation response and
(b) change in diameter recorded at two locations.
3280 J.F. Hallai, S. Kyriakides / International Journal of Solids and Structures 48 (2011) 3275–3284curvatures. Once again the central portion has a curvature that cor-
responds to the beginning of the plateau (j = 0.12j1). By contrast,
the curvature at the two ends is approximately j = 1.95j1, a value
that does not appear in Fig. 8 because it could not be sustained for
longer domains than the ones seen in image w.
A photograph of the specimen following unloading is shown in
Fig. 11. Indicated with arrows are the edges of the test section. Also
visible is a section of about 5D long that experienced the severe lo-
cal ovalization associated with the collapse of the structure. Inter-
estingly, the central lower curvature section has sprung back to a
nearly straight conﬁguration. This is the case for a section of about
3D long at its center while sections further out have a very small
curvature indicating that they had experienced a small amount
of plastic deformation. Clearly in this case, the higher Lüders strain
made the structure less stable. It appears that the higher curvature
induced by Lüders banding could not be sustained by the whole
structure. Accordingly, when a critical length of the tube was de-
formed to the corresponding curvature, it collapsed. Undoubtedly,
this is an undesirable consequence of the larger Lüders strain that
limits the performance of the structure and must be understood.3.2. Ovalization of tube cross section
As is well known, bending induces ovalization to the cross sec-
tion of a tube, a nonlinearity that tends to reduce its bending rigid-
ity and can lead to a limit load instability. It is thus worth
examining how ovality evolves in tubes that experience Lüders
bands induced localized bending of the type described in the pre-
vious section. To this end, separate experiments were conducted
on tubes that exhibit Lüders bands in which the change in diame-
ter in the plane of bending was monitored at two locations alongtheir length. Results from one of these experiments, LU10-2, from
a tube with similar geometric and material parameters as those of
LU9-1, will be used to demonstrate the evolution of ovalization
(main problem parameters listed in Table 1). Fig. 12a shows the re-
corded moment – end-rotation response, which is very similar to
the one of LU9-1 in Fig. 4. Fig. 12b shows the change in diameter
(DD/D) as a function of the end-rotation at points A and B located
at the axial positions marked in the schematic of the tube included
as an inset. The change in diameter was monitored with light-
weight transducers riding on the deforming tube. Each transducer
consists of a lightly spring loaded slide that engages the tube with
knife edges and measures continuously the diameter (see Fig. 8.7
in Kyriakides and Corona (2007)).
The evolution of deformation in this tube was in most respects
similar to that of LU9-1. As the moment plateau is traversed, local-
ized curvature develops close to the two ends approximately in the
same manner as shown in see Fig. 5. Simultaneously, the central
section of the tube remains essentially at the curvature that corre-
sponds to the ﬁrst moment maximum ðhL=Lj1  0:1Þ. During the
initial homogeneous phase of bending (I), the tube deforms uni-
formly and the two transducers record the same change in diame-
ter (too small for the scale of Fig. 12b). As the end-rotation
increases, the zones of larger curvature propagate inwards. After
the ﬁrst moment maximum, transducer A in the neighborhood of
the localizing zone on the RHS experiences the higher curvature
early in the bending history and DD is seen to increase between
Fig. 14. Moment vs. end-rotation responses of a set of tubes of various D/ts and
Lüders strains.
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constant until the end of the moment plateau at hL=Lj1  1:5. By
contrast, during most of this bending history transducer B near
mid-span records essentially no change in DD. The ovality at this
location only starts to grow for hL=Lj1 > 1:2 as the larger curvature
regime approaches it (note that the transition between the two
deformation regimes is about D long). By the end of the moment
plateau, DD at B has increased to the same level as that of
location A.
During the subsequent uniform bending phase (III) the two
transducers record very similar values of DD. Following the mo-
ment maximum at hL=Lj1 ¼ 1:89, deformation localizes once more,
this time close to the end of the tube on the RHS. Consequently, site
A experiences an acceleration in the growth of DDwhile at site B it
stops growing registering a small decrease in DD because of the
dropping moment (see similar results at the end of a bending test
on a hardening material tube in Fig. 20b of Kyriakides and Ju
(1992)). Marked with vertical dashed lines in Fig. 12b are the
boundaries of the four regimes of behavior. Regimes I and III repre-
sent homogenous deformation and II and IV inhomogeneous. In
summary then, the inhomogeneous bending that results from
Lüders banding induces in turn inhomogeneous ovalization. The
ovality is larger in Lüders deformed sites and smaller in unaffected
ones.3.3. Summary of results of additional experiments
Results from ﬁve additional experiments with D/ts in the range
of 14.7–33.2 will now be brieﬂy outlined concentrating on similar-
ities and differences from the two cases presented in Section 3a.
The main geometric and material parameters of the tubes are sum-
marized in Table 1. The stress-strain responses of the ﬁve tubes ap-
pear in Fig. 13 where they are identiﬁed by the LUx-y experiment
number listed in Table 1. All responses exhibit Lüders stress pla-
teaus of different levels and different extents (respectively listed
under rL and DeL in the Table). However, the ﬁve responses have
very similar hardening. The moment-end rotation responses of
the ﬁve new cases appear in Fig. 14. Each response is identiﬁed
by the tube D/t and the extent of the Lüders strain, DeL%; thus
for example, the response of LU4-3 is depicted as 18.8:1.8.
All tubes exhibit a linearly elastic regime that terminates when
localization commences at the ﬁrst moment maximum. The nor-
malization adopted does not capture differences in the elastic
bending rigidity and thus the different initial slopes. All cases
developed moment plateaus at the level of about Mo during which
Lüders banding and localized bending of the type reported in Figs. 5
and 9 took place. For two cases, 14.7:2.4 (LU7-3) and 18.8:1.8Fig. 13. Stress–elongation responses from a set of tubes of various D/ts and Lüders
strains.(LU4-3), the plateaus are fully developed, the tubes then enter
the hardening regime, and eventually collapse by localized diffuse
ovalization. In other words, similar to LU9-1 (see Figs. 4 and 5) and
LU10-2 (Fig. 12) these tubes survived the inhomogeneous bending
phase and returned to uniform stable bending. Subsequently, they
collapsed following the natural limit moment instability induced
by ovalization (marked by ‘‘^ ’’ on these responses). The normalized
curvatures at the limit moments, jL/j1, listed in Table 1 are numer-
ically similar for the four cases. However, the curvature (jL) and
the maximum bending strain (ebL) are different; they increase sig-
niﬁcantly as the D/t decreases as illustrated in Fig. 15a that shows
three of these specimens.
The responses of the remaining three specimens 33.2:2.2
(LU11-1), 26.8:2.2 (LU12-1), and 18.6:2.7 (LU5-3) were terminatedFig. 15. Photographs of a set of tubes of various D/ts and Lüders strains. (a) Tubes
that survive the inhomogeneous deformation phase and (b) tubes that collapsed
before reaching uniform deformation.
Fig. 17. Photograph of specimen Exp. LU11-5 showing Lüders patterns on
compressed side of the tube. (a) Clusters of Lüders bands and (b) close-up of one
of the clusters.
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neous bending deformation phase (i.e., similar to LU3-3). For the
higher D/ts like LU11-1, initially pockets of wrinkles appeared
along the whole length of the tube. Deformation localized at one
end and spread over a very short length of the specimen. This
caused the amplitude of wrinkles in this zone to grow quickly with
one of them localizing resulting in collapse (see Fig. 16a). This
pocket of wrinkles and the localization of one of them are captured
in the photograph shown in Fig. 16b. The length of the specimen
that sustains the larger curvature depends on the Lüders strain
and the D/t. Thus, for the high D/t specimen in Fig. 16a it is quite
small. The four specimens that collapsed before reaching homoge-
neous deformation are shown together in Fig. 15b. The critical
Lüders deformed length is seen to increase as the D/t decreases.
By contrast the sections unaffected by Lüders banding are seen
to remain essentially straight and circular.
3.4. Lüders bands in bent tubes
A number of separate experiments were performed on tubes of
two different D/t values aimed to capture the onset and evolution
of Lüders bands using specimens coated with the brittle coating
Stresscoat. The following summarizes the observations made from
this effort. The brittle coating shatters when it is strained to a value
of about ±1.0%. Thus, immediately after the ﬁrst moment drop, nar-
row bands of shattered coating inclined at ±a to the axis of the tube
show up on both the compressed and tensioned sides of the spec-
imen at the site where Lüders banding initiates. As mentioned
above, for higher D/t tubes pockets of wrinkles initiate early in
the bending history. As Aguirre et al. (2004) showed, pockets of
Lüders bands tend to initiate at peaks of such wrinkles. Fig. 17a
shows several clusters of Lüders bands that initiated in a tube with
D/t = 33.1 while Fig. 17b shows a close-up of one of the pockets
(geometry and material properties similar to those of LU11-1).
Initially, the bands are a fraction of a millimeter wide (0.5 mm),
make angles that range between ±(45–55) with the axis of the
tube and cover about 120 sectors. We note that the shattering
of the Stresscoat is sensitive to its thickness. Since the coating
was applied by manual spraying, its thickness varied to some de-
gree and this is probably responsible for partial development of
some of the bands in the two images. It is not clear if this bandFig. 16. Photograph of specimen from Exp. LU11-1. (a) Localized buckling and (b)
close-up view of wrinkling and buckled region.width is inﬂuenced by the shattering mechanism of the coating.
Past researchers have reported the width of steady-state propagat-
ing Lüders fronts in tensile tests to be a few grains wide (Morrison
and Glenn (1968), Imamura et al. (1971)). Although this differs
from the width of a band at nucleation, for our steels this translates
to a width of about 50–100 lm, which is clearly smaller than our
measurements (steel grain size 8–20 lm). Thus this issue requires
further investigation.
In this experiment, localized bending developed close to one
end of the specimen and consequently Lüders banding concen-
trated at this site. New bands appeared here while the width of
the initial bands grew covering a zone that was about 2D long.
As this zone spread, inclined bands initiated at both of its ends.
As was the case for LU11-1, the high curvature could not be sus-
tained over a long span and the tube collapsed in a similar manner
to that shown in Fig. 16. One of the edges of the high curvature
zone can be seen in the upper ends of both images in Fig. 17.
3.5. Bending induced wrinkling
All tubes tested developed wrinkles. For the higher D/t cases the
wrinkles were more pronounced while for the lower values less so
and appeared mainly in the localization sites. The wavelengths of
these wrinkles were measured usually at the termination of the
test. Fig. 18 shows a histogram of the half wavelengths kmeasured
for the ﬁve tube D/t families tested (normalized by
ﬃﬃﬃﬃﬃ
Dt
p
Þ. The
wavelengths are in the range of 0:4 < k=
ﬃﬃﬃﬃﬃ
Dt
p
< 2:0, which is very
Fig. 18. Histogram of wrinkle wavelengths for tubes of ﬁve tube D/t families tested.
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for tubes with D/t = 27.2. This wide spread in the wavelengths re-
corded is at variance with similar measurements performed in
bending experiments on tubes with monotonically increasing
stress-strain responses where the scatter is only of the order of a
few percent (e.g., see Fig. 5 in Ju and Kyriakides (1992) and Fig. 1
in Corona et al. (2006)). The large scatter in the present measure-
ments may be related to the fact that at the time of the initiation
of the wrinkles the material did not have a characteristic modulus.
Included in the ﬁgure is the wavelength of axisymmetric elastic
buckling modes under axial compression, which is independent
of the modulus and is given by
ke ¼ p
ﬃﬃﬃﬃﬃﬃﬃ
Dot
p
½48ð1 m2Þ14
: ð1Þ
Interestingly, ke falls close to the most commonly occurring wave-
lengths. (Note that ke does not differ signiﬁcantly from the corre-
sponding half wavelength of elastic wrinkles formed under
bending—see Fig. 6 in Ju and Kyriakides (1992)). In view of this
trend and lacking a better alternative, the tubes analyzed in Part
II will be assigned axisymmetric initial imperfections with wave-
lengths ke.
4. Summary and conclusions
Part I of this two-part series of papers reported the results from
a systematic set of pure bending experiments on carbon steel tubes
that exhibit Lüders bands. Lüders banding is a dislocation driven
phenomenon whose macroscopic effect is inhomogeneous
deformation in the early stages of plastic deformation. Thus, for
example, in a uniaxial test conducted under displacement control
localized deformation of 1–3% nucleates locally and gradually
propagates in the rest of the specimen that is still elastic. As this
steady state propagation of plastic deformation takes place the
stress traces a nearly constant plateau. When the whole specimen
is thus deformed the material returns to stable hardening behavior.
Pure bending experiments were conducted on tubes with D/t
values ranging from 33.2 to 14.7 each with different Lüders strain
(DeL 2 1.8  2.7%). Under rotation controlled bending, the initial
elastic regime terminates into a local moment maximum that is
followed by nucleation of narrow angled bands of localized defor-
mation on the tension and compression sides of the tubes. As the
rotation of the ends increases, the number of bands multiplies
and new ones start to spread to the hitherto intact part of the tube
while the moment remains relatively constant. The Lüders affected
zone develops a signiﬁcantly larger strain, which translates intolocalization of curvature. Thus, two curvature regimes co-exist at
the same moment level: a larger curvature associated with the
end of the moment plateau and a smaller one that corresponds
to the beginning of the plateau. How far along the tube the larger
curvature propagates depends on the D/t and DeL.
(a) For tubes with lower D/t values and/or shorter Lüders strain
the whole tube becomes Lüders deformed, the material
enters the hardening regime and continues to deform uni-
formly until excessive ovalization leads to a limit load
instability.
(b) For higher D/t tubes and/or longer Lüders strain, the propa-
gation of the larger curvature is interrupted by collapse
when a critical length is Lüders deformed leaving behind
part of the structure essentially undeformed. The higher
the D/t and/or the longer the Lüders strain is, the shorter
the critical length.
The bending behavior and the stability of such structures are
further complicated by the inherent nonlinearities of ovalization
of the cross section and by wrinkling. The localization of curvature
leads also to locally higher ovalization and the local formation of
wrinkles on the compressed side of the tube. The more ovalized
higher curvature regime propagates in the manner described
above. All tubes tested developed some wrinkles but in the case
of thicker tubes the amplitude of the wrinkles was small for most
of the bending history becoming more pronounced in the ﬁnal col-
lapsed zone. The half-wavelengths of the wrinkles, k, varied from
(0.4  2.0)
ﬃﬃﬃﬃﬃ
Dt
p
, a result that is in variance with similar measure-
ments in tubes with a monotonic material response where the var-
iation is only a few percent.
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